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Abstract
The classical 3×3 lemma holds in any regular protomodular category C with a zero object. It
is investigated here whether there is a “denormalized” version when the category no longer has
a zero object, as, for instance, any slice category C=X of the category C, or any slice category
of an abelian category. The answer is actually positive in the weaker context of regular Mal’cev
categories.
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0. Introduction
The well-known 3×3 lemma in the category Gp of groups asserts that when, in the
following commutative diagram, the three columns and the middle row are exact, the
=rst row is exact if and only if the third one is exact:
? ? ?  
















Y ′′  
? ? ?
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Actually, this 3×3 lemma still holds in any pointed (i.e. with a zero object) regular
protomodular category [6], enlarging the context of its applications. But there are many
regular protomodular categories without zero object, as any slice category of a pointed
regular protomodular category (and in particular any slice category of an abelian cat-
egory), or any dual of an elementary topos for instance. Hence, there naturally arises
the question of the meaning of this lemma in a non-pointed context.
It is clear, on the other hand, that we can extend to any pointed protomodular
category the well-known observation following which, in the category Gp, the kernel
of a map is the normalization of its kernel equivalence relation (or kernel congruence),
see also [7]. Accordingly a denormalized exact sequence is (as expected) a sequence of
the following type, where f′ is the coequalizer of the two legs of R′ (right exactness)






Whence the name “denormalized 3× 3 lemma” for this expected non-pointed version
which should be expressed in the following way: when, in the following commutative
diagram (∗), the three columns and the middle row are exact, the =rst row is exact if



























Actually, this result still holds when C is only regular Mal’cev. We can measure
here that the diGerence between Mal’cev and protomodular categories mainly consists
in the fact that the protomodularity condition concerns the normalized aspect of the
question and not the exact aspect. See also [9] where there is a non-pointed Snake
Lemma in an exact Mal’cev context.
As an application, we give another universal property for the associated abelian object
in any pointed regular Mal’cev category C: the object A is the associated abelian object
with the object X if and only if the following diagram is a pushout in C (i.e. the map
h is the cokernel of the diagonal s0 :X → X × X ):
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Moreover, in any regular protomodular category C, there is, on the model of the
category Gp of groups, a natural notion of normal monomorphism [5], which concep-
tualizes the normalization of the internal equivalence relations, i.e. the internal notion
of an equivalence class. And we have then a non-e:ective track of the 3× 3 lemma:









the maps g and g′ are regular epis, k is a mono and j is normal, then k is itself
normal. In other words, in any regular protomodular category, the direct image, along
a regular epimorphism, of a normal subobject is normal. The reader will =nd in [12]
many useful links of this last result to the literature of the 1950s and 60s, and in [2]
some preliminary aspects of the denormalized 3× 3 lemma.
1. Preliminaries
We shall begin by recalling some well-known categorical facts:
















the lower row is left exact and the map b monomorphic; then the upper row is left
exact if and only if the left-hand part of the diagram is a joint pullback.
Perhaps the duality of this result is less known.
Lemma 1.2. If in the commutative diagram (∗∗) in any category C the upper row is
right exact and the map  epimorphic; then the lower row is right exact if and only
if the right-hand square is a pushout.
We shall suppose now that, moreover, the category C is regular, i.e. =nitely complete
and such that: (1) the regular epimorphisms (i.e. the maps which are the quotient
of their kernel relations) are stable by pullback and (2) the eGective relations (i.e.
the kernel relations of some map) have quotients [1]. This implies that the eGective
relations are the kernel relations of their quotients.
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With the right exactness conditions of a regular category, there is a converse propo-
sition to Lemma 1.1.
Proposition 1.1. If in the commutative diagram (∗∗) in any regular category C the
lower row is left exact and the map Hg a regular epimorphism; then any two of the
following conditions imply the third one:
(1) the map b is a monomorphism;
(2) the upper row is left exact;
(3) the left-hand part of the diagram is a joint pullback.
Proof. We must show now that (2) and (3) imply (1). But (3) and the left exactness
of the lower row imply that HR is the kernel relation of g:a= b: Hg. Now; thanks to (2);
Hg is the quotient of HR. Accordingly; b: Hg is the canonical epi-mono factorization of g.a;
and the map b is a monomorphism.
With the left exactness conditions of a Mal’cev category, there will be a crucial
similar converse to Lemma 1.2.
2. The basic situation
From now on, we shall consider C regular.
By “basic situation” we shall refer to the commutative diagram (∗). This diagram
will be said 3 × 3 when all the columns and the rows are exact, and weakly 3 × 3
when the 3 columns and the middle row are exact.
Remark 2.1. Clearly when diagram (∗) is weakly 3× 3; then the map f′′ is a regular
epimorphism since f′′. v= w:f′ and both w and f′ are regular epimorphisms. In the




We shall need the following de=nition:
Denition 2.1. Given two graphs (g0; g1) : R  Z and (h0; h1) : S  Z on the object
Z; then the parallelistic kernel of the pair (R; S) is de=ned by the limit R S of the
following diagram:
Z
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Remark 2.2. This is obtained by the following pullback:
R S







In other words; R S is obtained by the joint pullback of the graph S × S along the
map (g0; g1) :R→ Z × Z .
Thanks to the =rst two lemmas, we obtain immediately, by a vertical analysis of
diagram (∗), some necessary conditions about the 3× 3 situation:









is a pushout; and the upper left-hand part is a parallelistic kernel; in other words
R= R′ X .
Proof. Apply Lemma 1.2 to the last two columns; and Lemma 1.1 to the following
diagram (∗ ∗ ∗); the product of two left exact sequences being always left exact:
R


















X ′′ × X ′′
A horizontal analysis of this same diagram provides further precisions in respect of
Remark 2.1.
Theorem 2.1. Suppose diagram (∗) is weakly 3× 3. Then
(1) the lower right-hand square is a pushout if and only if the lower row is right
exact (i.e. f′′ is the coequalizer of the pair (f′′0 ; f
′′
1 )):
(2) the upper left-hand part is a parallelistic kernel (i.e. R= R′ X ) if and only if
the upper row is left exact (i.e. (f0; f1) is the kernel relation of f).
Proof. (1) Apply Lemma 1.2 to the two lower rows.
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R′ × R′ X ′ × X ′ −−−→
f′×f′
Y ′ × Y ′
−−−→
f′1×f′1
Now, the characterization given by Proposition 1.1 produces a characteristic
property:
Theorem 2.2. Diagram (∗) being weakly 3 × 3; the upper row is left exact if and
only if the pair (f′′0 ; f
′′
1 ) is jointly monic.
Proof. In view of condition (2) in the theorem above; apply Proposition 1.1 to diagram
(∗ ∗ ∗).
We are now going to explicit, in the regular context, a suLcient condition to obtain
the 3× 3 situation. For that, we need the following de=nition:









is said to be a regular pushout; when the factorization  :X ′ → X ′′×Y ′′ Y ′ towards the
pullback of w along f′′ is a regular epimorphism.
Of course, a regular pushout is a pushout since, according to Lemma 1.2, the fol-
lowing right-hand square is necessarily a pushout as any pullback, while the left-hand
side square is clearly a pushout too ( being a regular epi):
X ′










Lemma 2.1. Given a regular pushout; if we denote by R[v] and R[w] the kernel rela-
tions of v and w; then the induced factorization R(f′) :R[v]→ R[w] is necessarily a
regular epimorphism.
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Proof. Consider the following diagram where p1:= f′ and R(p1):R() = R(f′):
R[v]






















The lower right-hand square being a pullback, the upper right-hand squares are
pullbacks. Consequently, the maps p1 and R(p1) are regular epimorphisms.
On the other hand, the map R() is nothing but the product ×X ′′  of the regular
epi  by itself in the regular slice category C=X ′′. Accordingly it is a regular epi.
Consequently R(f′) = R(p1):R() is a regular epimorphism.
Now the suLcient condition:
Theorem 2.3. Let C be a regular category. Suppose diagram (∗) is weakly 3 × 3.
When the lower right-hand square is a regular pushout and the upper left-hand part
a parallelistic kernel; diagram (∗) is 3× 3.
Proof. We must show that the upper and lower rows are exact. As for the upper row;
we know by Theorem 2.1 that the pair (f0; f1) is the kernel relation of f; and by the
previous lemma that f = R(f′) :X = R[v]→ Y = R[w] is a regular epimorphism.
Now let us consider the lower row. By Theorem 2.2, the pair (f′′0 ; f
′′
1 ) is jointly
monic, and the induced factorization j :R′′ → R[f′′] through the kernel equivalence
R[f′′] of the regular epimorphism f′′ is a monomorphism. On the other hand, the
factorization R(v) :R[f′]=R′ → R[f′′] is such that j:u=R(v). By the previous lemma,
the map R(v) is a regular epimorphism, and consequently the map j is so. Being a
mono and a regular epi, this map j is thus an isomorphism. Accordingly the third row
is exact.
3. Regular Mal’cev categories
The reason why the denormalized 3× 3 lemma holds in a regular Mal’cev category
is that the previous suLcient conditions appear to be also necessary. This comes from
the fact that, in this kind of category, any commutative square with vertical split
epimorphisms and horizontal regular epimorphisms is always a regular pushout:
as we are going to show in this section.
120 D. Bourn / Journal of Pure and Applied Algebra 177 (2003) 113–129
3.1. Unital categories
Let us recall [4] that a unital category is a =nitely complete pointed (i.e. with a zero
object) category C such that for each pair of objects (X; Y ), the following canonical pair
of maps is jointly strongly epic, i.e. such that any monomorphism j whose pullbacks
along the maps iX and iY are isomorphisms is itself an isomorphism:
X iX−−−→ X × Y iY←−−− Y







where the two sequences are zero sequences with moreover g:s= 1X and f:t = 1Y .
Proposition 3.1. Given a double zero sequence in a unital category; then the induced
factorization h= [f; g] :Z → X × Y is a strong epimorphism.
Proof. Consider a monomorphism j :R→ X ×Y whose pullback along h is an isomor-
phism. Then its pullbacks along h:s=iX and h:t=iY are isomorphisms; and consequently;
C being unital; the map j is an iso.
3.2. Mal’cev categories
Let us recall that a category C is Mal’cev when it ful=ls the following left exact-
ness condition: it is left exact and such that every reNexive relation is an equivalence
relation, see [10].
The strong link with unital categories is given by the following observation. Let C
be a =nitely complete category. We denote by PtC the category whose objects are the
split epimorphisms in C with a given splitting and morphisms the commutative squares
between these data. We denote by ! :PtC → C the functor associating its codomain
with any split epimorphism. Since the category C has pullbacks, the functor ! is a
=bration which is called the Cbration of pointed objects.
A =nitely complete category C is Mal’cev if and only if the =bres of the =bration
! are unital, see [4]. As an immediate consequence, we have the following lemma:
Lemma 3.1. Let C be a regular Mal’cev category. Then any commutative square of
split epimorphisms determines a regular pushout:
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Proof. In the unital =bre PtY ′C; the following sequence is a double zero
sequence:
Accordingly the factorization ["; f] :X → X ′ ×Y ′ Y is a strong epi in the regular
category C, thus it is a regular epi. Consequently, the square with the split epis is a
regular pushout.
We can extend this result in the following way:
Proposition 3.2. Let C be a regular Mal’cev category. Then any commutative square
with vertical split epimorphisms and horizontal regular epimorphisms is always a
regular pushout:
Proof. Complete the square with its kernel relations:
Then the right-hand square indexed by 0 is a regular pushout. This means that the
factorization [u; f′0] :R
′ → R′′ ×X ′′ X ′ is a regular epimorphism.
On the other hand, there is a factorization ’ making commute the following square,
which, moreover, is a pullback since R′′ is the kernel relation of f′′:






This map ’ is a regular epi, since the map f′ is itself a regular epimorphism.
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R′′ ×X ′′ X ′ −−−→
’
X ′′ ×Y ′′ Y ′
We just saw that the map ’ is a regular epi and previously that the map [u; f′0] is
also a regular epi. Consequently the map [v; f′] is a regular epi.
We have now, in the regular Mal’cev context, a kind of right exact dual counterpart
of the left exact characterization given in Proposition 1.1.
Proposition 3.3. Consider; in any regular Mal’cev category C; the following commu-
tative diagram of augmented reDexive graphs:
If the upper row is exact and the pair (g0; g1) is jointly monic, then any two of
the following conditions imply the third one:
(1) the map  is a regular epimorphism,
(2) the lower row is exact,
(3) the right-hand square is a regular pushout.
Proof. Notice that; since the pair (g0; g1) is jointly monic; the factorization j :R→ R[g]
towards the kernel relation of g is a monomorphism.
Now suppose (1). Since g0 is a split epimorphism (and thus a regular epi) and
a: Hg0 = g0:, the map a is a regular epi. So, according to the previous proposition, the
square indexed by 0 is a regular pushout, and the factorization (; Hg0) : HR→ R×A HA is
a regular epi. Now suppose, moreover (2). Then g being a regular epi, the map b is
a regular epi. Thus the right-hand square is a square of regular epis.
We are going now to mimic the proof of the previous proposition. Consider the
factorization ’ :R ×A HA → A ×B HB making commute the following diagram which,
moreover, is a pullback, since R= R[g] is the kernel relation of g:
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Accordingly the map ’ is a regular epi since the map Hg is so. Now the map Hg1 makes









the map ’ and (; Hg0) being regular epis, such is the map (a; Hg). Accordingly the
right-hand square is a regular pushout.
Suppose (1) and (3). By Lemma 1.2 the lower row is right exact. Now j:= HR→ R[g]
is nothing but the factorization R(a) between the kernel relations. By Lemma 2.1, this
map R(a) = j: is a regular epi. Accordingly the map j is a regular epi. Being also a
mono, this j is an isomorphism, and the lower row is left exact.
Suppose (2) and (3). The fact that the two rows are left exact implies that the map
 is nothing but the factorization R(a). By Lemma 2.1, this map R(a) =  is a regular
epi.
Whence now the “denormalized 3× 3” lemma:
Theorem 3.1. Let C be a regular Mal’cev category. Suppose diagram (∗) is weakly
3× 3. Then the following conditions are equivalent:
(1) the upper row is exact;
(2) the upper left-hand part of the diagram is a parallelistic kernel and the lower
right-hand square is a regular pushout;
(3) diagram (∗) is 3× 3;
(4) the lower row is exact.
Proof. (1) ⇒ (2): By Theorem 2.1; the left exactness of the upper row implies the
parallelistic property; while; by Proposition 3.3; the regularness of the map f implies
that the lower right-hand square is a regular pushout.
(2)⇒ (3) is just Theorem 2.3.
(3)⇒ (4) by de=nition.
(4)⇒ (1): Suppose the lower row is exact. Then the pair (f′′0 ; f′′1 ) is jointly monic,
and, by Theorem 2.2, the upper row is left exact. On the other hand, the map u is
nothing but the factorization R(v) which, consequently, is a regular epi. According to
Proposition 3.3, the lower right-hand square is then a regular pushout, which symmet-
rically implies by the same theorem that the map f = R(f′) is a regular epi.
Application: associated abelian object: We suppose now C is pointed regular Mal’cev.
An object A is said to be abelian when it is endowed with a group structure which is
necessarily unique since C is Mal’cev.
Proposition 3.4. Let X be an object in C. The object A is its associated abelian
object if and only if it is obtained by the following pushout (i:e: by the cokernel of
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the diagonal s0 :X → X × X ):







Proof. (1) Suppose we have that pushout. Then h is a regular epi; since the terminal
map X ; being split; is a regular epi.
We are now going to show that when a map h :X×X → A is a regular epi satisfying
h:s0=A:X , then A is necessarily abelian. Indeed the following square has vertical split
epis and horizontal regular epis.







Therefore, according to Proposition 3.2, it is a regular pushout, and the extension
Hh :X × X × X → A× A of h to the kernel equivalences of p0 and A is a regular epi.
On the other hand, the object A, being pointed, is underlying a reNexive graph A
with only one object, and the map h determines a map h :U (gr X ) → A, in the
category GphC of internal reNexive graphs in C, where U :GrdC → GphC is the
forgetful functor from internal groupoids to reNexive graphs, and gr X = R[X ] is the
groupoid structure associated with kernel relation of the terminal map X . The kernel
relation R[h] of the map h in GphC, being a subobject of U (gr X ×gr X ), is actually
a groupoid, since C is Mal’cev, the functor U is =brant on monos, see [4]. The map
Hh being a regular epi, the groupoid structure can be extended to the quotient A, and A
is abelian. See also [11] about the fact that GrdC is closed under quotients in GphC
when C is regular Mal’cev.
Now, any map f :X → B, with B abelian, allows to produce the right-hand com-
mutative part of the following diagram:
X s1−−−→ X × X (p1−p0):f×f−−−−−−−→ B
 s0

1 −−−−→ X −−−−−−−−−→ 1
Whence a unique factorization g :A→ B such that: g:h= (p1 − p0):f× f. It is the
unique map satisfying: g:h:s1 = (p1 − p0):f × f:s1 = f, since, C being Mal’cev, the
pair (s0; s1) is jointly strongly epic, see [4].
(2) Conversely, let k :X → A be the projection towards the associated abelian object.
Then we can consider the following diagram:
X s1−−−→ X × X (p1−p0):k×k−−−−−−→ A
 s0

1 −−−−→ X −−−−−−−−−→ 1
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Now consider any commutative diagram:





Set t = (:i the canonical epi–mono factorization, with ( :X × X → B the quotient
of the kernel relation R[t]. Since ( is a regular epi, the object B is abelian, according
to part (1) of this proof. Therefore the map (:s1 :X → B produces a factorization
r :A → B, such that r:k = (:s1. The map i:r :A → D is the factorization required to
make the right-hand part of the above rectangle a pushout.
3.3. Barr exact Mal’cev categories
A regular category is Barr exact when, moreover, every equivalence relation is eGec-
tive. This implies that the quotient of any relation does exist, and this relation becomes
the kernel relation of that quotient. In this case, the situation is greatly simpli=ed, thanks
to the following observation which appears in [8] as a part of a characterization of the
Barr exact Mal’cev categories among regular ones:
Proposition 3.5. In a Barr exact Mal’cev category; every pushout of a regular epi
along a regular epi is a regular pushout.
Proof. Take a pushout of a regular epi along a regular epi. Extend the square by the
kernel relations:






of the map u. Then S is a reNexive relation on the object X ′′, and, the category C
being Mal’cev, it is an equivalence relation. Now, the map u′ being a regular epi, and
the square in question being a pushout, the map f′′ is the quotient of S, by Lemma
1.2. Accordingly S is the kernel relation of f′′, and the map u′′ is an isomorphism.
Consequently the map u is a regular epi, and, according to Proposition 3.3, the square
in question is a regular pushout.
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Therefore, in any Barr exact Mal’cev category, the denormalized 3× 3 lemma holds
in such a way that the necessary conditions given in Proposition 2.1 become necessary
and suLcient.
4. Regular protomodular categories
A protomodular category is a left exact category C such that every change of base
functor with respect to the =bration ! :PtC→ C is conservative. When the category C
is regular, the previous condition is equivalent to the following pullback cancellation
property:
Given any commutative diagram with the middle vertical arrow a regular epi and




then the right-hand square is a pullback if and only if the left-hand one is a pullback.
In any pointed regular protomodular category, the notion of exact sequence on the
model which holds in the category Gp of groups has a plain meaning (see [3]). More-
over, the classical 3× 3 lemma is satis=ed (see [6]). Now suppose C is only regular
and protomodular, but no longer pointed, as it is the case for any slice category of
this pointed regular protomodular category (and in particular any slice category of an
abelian category), or any dual of an elementary topos for instance. Any protomodular
category being Mal’cev, see [4], the previous results do still hold. But we can assert
something more.
Indeed, even if, in any non-pointed category, there are no longer kernels, there is an
intrinsic notion of normal subobject in any protomodular category [5].
Let us recall that in any left exact category C a map j : I → X is normal to an
equivalence relation R when the equivalence relation j−1(R) (de=ned by the joint
pullback of R along j) is the coarse relation gr I on I and the induced map gr I → R,
in the category RelC of equivalence relations in C, is =brant. This implies that j is
necessarily a monomorphism. This de=nition gives an intrinsic way to express that the
object I is an equivalence class of R. But when C is moreover protomodular, the map
j is normal to at most one equivalence relation, and consequently the fact to be normal
becomes a property for a subobject in this kind of category. We are now going to set,
in this context, the non-e:ective track of the 3× 3 lemma. For that we shall need to
establish a preliminary result:
Proposition 4.1. Let C be a regular Mal’cev category. Consider two commutative
squares with commutative vertical splittings in the left-hand one:
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When the triple of maps (g; f; h) is made of regular epimorphisms, then the induced
factorization k :C ×X A→ D ×Y B is a regular epimorphism.
Proof. First; the left-hand square is a regular pushout; and the factorization [; g] :A→
X ×Y B is a regular epi. Now we shall pullback the map - along the two edges of the
right-hand square. First we have the two following pullbacks:










Hence; with the map h also the map h×Y B is a regular epi. Let us now consider the
following diagram where the two lower squares and the vertical rectangle are pullbacks:
















The upper left-hand square is then a pullback; and; the map [; g] being a regular epi; the
map C×f g is a regular epi as well. Now the factorization k=h×Y B:C×f g :C×X A→
C ×Y B→ D ×Y B is a regular epi.
Here is the non-e:ective track of the 3× 3 lemma:
Theorem 4.1. Consider; in any regular protomodular category C; a commutative









When k is a mono and j is normal; then k is itself normal.
Proof. Let R be the relation to which j is normal.
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The square indexed by 0 in the previous diagram is then a pullback (the map
j : gr X ′ → R being =brant in RelC). Now let us consider the parallelistic kernel
R[g] R. It determines an equivalence relation on the object R of C, which is eGective
since R[g] is eGective: indeed take as its quotient the epimorphic part h :R→ S of the
canonical epi–mono factorization of the map g× g:[d0; d1] :R→ X × X → Y × Y . Its
monomorphic part [0; 1] : S → Y × Y produces a reNexive relation which is conse-
quently an equivalence relation. We are going to show that the map k is normal to
this equivalence relation S.
From the following string of equalities: k × k:g′× g′= g× g:j× j= g× g:[d0; d1]:j˜=
[0; 1]:h:j˜, and the fact that the map g′ × g′ is a regular epi and the map [0; 1] is a
mono, we can derive a factorization k˜ such that k˜ :g′ × g′ = h:j˜ and [0; 1]:k˜ = k × k.
We have then a commutative diagram:






Y ′ k−−−→ Y
We must show that the square indexed by 0 is a pullback. Let us denote by !0 :Z →
Y ′ the pullback of 0 along k, and  :Y ′ × Y ′ → Z the induced factorization. It is
a mono since k˜ is a mono (k itself being a mono). On the other hand the map
:g′ × g′ :X ′ × X ′ = X ′ ×X R → Z = Y ′ ×Y S is the factorization between the two
pullbacks induced by the triple (h; g; g′) of regular epis as in the previous proposition
according to which the factorization :g′ × g′ is a regular epi. Consequently such is
the map  which, being also a mono, is an iso. Thus the square indexed by 0 is a
pullback and the map k is normal to the equivalence relation S.
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